In most practical scenarios, optical susceptibilities can be treated as a local property of a medium. For example, in the context of nonlinear optics we can typically treat the Kerr and Raman response as local, such that optical fields at one location do not produce a nonlinear response at distinct locations in space. This is because the electronic and vibrational disturbances produced within the material are confined to a region that is smaller than an optical wavelength. By comparison, Brillouin interactions, mediated by traveling-wave acoustic phonons, can result in a highly nonlocal nonlinear response as the elastic waves generated in the process can occupy a region in space much larger than an optical wavelength. The unique properties of these interactions can be exploited to engineer new types of processes, where highly delocalized phonon modes serve as an engineerable channel that mediates scattering processes between light waves propagating in distinct optical waveguides. These types of nonlocal optomechanical responses have recently been demonstrated as the basis for information transduction, however the nontrivial dynamics of such systems has yet to be explored. In this work, we show that the third-order nonlinear process resulting from spatially extended Brillouin-active phonon modes involves mixing products from spatially separated, optically decoupled waveguides, yielding a nonlocal susceptibility. Building on these concepts, we illustrate how nontrivial multi-mode acoustic interference can produce a nonlocal susceptibility with a multipole frequency response, as the basis for new optical and microwave signal processing schemes within traveling wave systems.
In most practical scenarios, optical susceptibilities can be treated as a local property of a medium. For example, in the context of nonlinear optics we can typically treat the Kerr and Raman response as local, such that optical fields at one location do not produce a nonlinear response at distinct locations in space. This is because the electronic and vibrational disturbances produced within the material are confined to a region that is smaller than an optical wavelength. By comparison, Brillouin interactions, mediated by traveling-wave acoustic phonons, can result in a highly nonlocal nonlinear response as the elastic waves generated in the process can occupy a region in space much larger than an optical wavelength. The unique properties of these interactions can be exploited to engineer new types of processes, where highly delocalized phonon modes serve as an engineerable channel that mediates scattering processes between light waves propagating in distinct optical waveguides. These types of nonlocal optomechanical responses have recently been demonstrated as the basis for information transduction, however the nontrivial dynamics of such systems has yet to be explored. In this work, we show that the third-order nonlinear process resulting from spatially extended Brillouin-active phonon modes involves mixing products from spatially separated, optically decoupled waveguides, yielding a nonlocal susceptibility. Building on these concepts, we illustrate how nontrivial multi-mode acoustic interference can produce a nonlocal susceptibility with a multipole frequency response, as the basis for new optical and microwave signal processing schemes within traveling wave systems.
I. INTRODUCTION
Optical nonlinear processes such as four-wave mixing and harmonic generation are usually described in terms of a frequency dependent, spatially local susceptibility. Namely, the optical fields in one location do not alter the nonlinear response in another point in space [1] . In Raman scattering, the short mean-free path of the THz-frequency optical phonons participating in the nonlinear process also results in a local susceptibility [1] . By comparison, nonlocal nonlinearities require a mechanism by which the optical fields in one location affect the optical response in another location. Nonlocal response has been studied in the context of thermally induced effects [2] [3] [4] , as well as more exotic systems such as nematic liquid crystals [5] , trapped atoms [6] , Rydberg gases [7] , plasmonic systems [8, 9] , and graphene [10] . All of these interactions are the result of transport mechanisms, such as heat, electric charge, or atoms, that mediate the optical response over an extended distance.
Alternatively, the acoustic phonons that participate in a Brillouin scattering process can serve as the transport mechanism for long-range interactions. These elastic modes can be long-lived and propagate many optical wavelengths before decaying, yielding nonlocal dynamics [11] [12] [13] . This acousto-optic coupling is a three-wave mixing process producing a coherent interaction of optical waves and acoustic phonons [1, 14, 15] . More specifically, in a forward-Brillouin scattering process the optical fields are co-propagating, while the phonons produced by the scattering process are emitted perpendicular to the direction of optical wave propagation [12, 13, 16] . The transverse nature of the phonons, combined with their long lifetime, enables them to explore a space much larger than the acousto-optic overlap region [12] . This allows the design of structures where the acoustic fields extend the distance between distinct optical guided waves, which are otherwise optically decoupled [17, 18] .
In this work, we analyze these forms of nonlocal interactions in the context of Brillouin-active superstructures supporting acoustic modes extending multiple optical waveguides. Because the phonon mode participating in the Brillouin interaction has an overlap with multiple optical fields, the scattering processes in the different waveguides are no longer independent. Hence, the light scattering in one waveguide will affect the dynamics in another, resulting in a nonlocal susceptibility between the two spatially separated waveguides. We show that the intensity envelope of light propagating through a waveguide in the device results in pure phase modulation of light in a spatially separate optical guided wave. This phase modulation is determined by the acoustic and optical properties in both  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t waveguides, revealing the nonlocal nature of the interaction. We further extend our analysis to the case of multiple acoustic modes participating in the acousto-optic process. Specifically, we show that coupling multiple acoustic modes results in phonon super-modes, all occupying the extended space and interacting with the optical fields. The coherent interference of these phonon super-modes yields a multi-pole frequency response for the nonlocal susceptibility, showing a faster frequency roll-off compared to a typical acoustic resonance Lorentzian line shape.
Such nonlocal Brillouin interactions have been recently demonstrated both in optical fiber and in chip-scale photonic devices. In multi-core fibers, light guided within spatially distinct cores can be coupled to acoustic modes occupying the entire fiber cross section [19] . By comparison, integrated photonic systems allow additional structural degrees of freedom which can be used to tailor both the optical and acoustic modes that participate in the nonlocal interaction [17, 18] . These devices can be the basis for new signal processing schemes such as filters [18] , transducers [17] , oscillators [20] , and modulators [21] for both optical and microwave applications. The description and analysis of the underlying processes will enable the design and optimization of future technologies based on these devices.
II. THEORETICAL STUDY
We begin our analysis by considering a system consisting of two optical waveguides, and supporting a single acoustic mode overlapping with both optical waveguides. While the two waveguides are optically decoupled, the light in each waveguide is acousto-optically coupled to the acoustic mode through a forward stimulated-Brillouin scattering (FSBS) process. We assume the optical fields are co-propagating, and that the photon-phonon coupling is a consequence of electrostrictive forces and radiation pressure [22, 23] , which can be tailored through the design of the device geometry [12, 24] . Examples of chip-scale and fiber-based devices that can produce such interactions are illustrated in Fig. 1(b) .
The FSBS process in each of the waveguides can be described as a three-wave interaction involving two photons and a phonon, as illustrated in the phase-matching diagrams in Fig. 1(a) . The phase matching condition required in both waveguides is q(Ω 0 ) = k(ω 0 ) − k(ω −1 ), where k(ω) is the optical wave-vector at the optical frequencies ω 0 and ω −1 , and q(Ω 0 ) is the wave-vector of the acoustic wave with frequency Ω 0 . Since the optical waves have similar wavevectors, this requires a cut-off phonon mode, with a vanishing axial wave-vector, such that the acoustic wave is nearly perpendicular to the direction of the optical wave propagation [25] [26] [27] . The transverse nature of these phonons allows them to extend much further than the optical waveguide cross-section. This is in contrast with backward-Brillouin scattering processes utilizing bulk acoustic modes, where the phonon typically occupies a similar region as the optical waves, illustrated in Fig. 1(d) . The wavelengths of the light in the two optical waveguides, denoted A and B, can be different as long as energy is conserved in the process, illustrated in Fig. 1 
−1 , such that the phonon frequency matches the frequency difference of the two optical tones in both waveguides. Phase matching and energy conservation require that the optical modes in both waveguides have a similar optical group velocity [12] .
In the absence of strong optical dispersion, an FSBS process enables light to be cascaded to multiple optical frequencies [13, 25, 27, 28] , and we describe the optical fields in each waveguide as a sum of discrete tones with field amplitude a n , and spaced by frequency Ω such that ω n − ω n−1 = Ω . The equations of motion describing this system can be derived using quantum operators following Refs. [23, 27] and are outlined in Appendix A. An alternative formulation in terms of classical variables is provided in Appendix G.
We denote the steady-state optical field amplitudes in the two waveguides as a n , and the steady-state acoustic field amplitude as b,with an acoustic dissipation rate Γ. We assume a constant optical group velocity over the frequency range of interest, such that the optical tones can cascade to an arbitrary number of sidebands. The equations of motion for the optical fields in each waveguide and the acoustic field are given by
where ∆ = Ω 0 − Ω is the detuning of the modulation frequency from the acoustic resonance Ω 0 , and we have neglected optical loss. The summation is implied to cover all sidebands generated in the process, v (A) and v (B) are the optical group velocities in each of the waveguides, and g (A) and g (B) are the acousto-optic coupling rates. The field amplitudes are normalized such that the propagating optical and acoustic power is given by P n = ω 0 va † n a n and P ac = Ω 0 v ac b † b Page 2 of 25 AUTHOR SUBMITTED MANUSCRIPT -NJP-111284 .R1   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 The phonon coupling between optical tones (green arrow) is phase matched in both waveguides. The phonon couples multiple tones spaced by frequency Ω0, as long as the dispersion relation is linear. Bottom inset: The acoustic dispersion diagram, illustrating the acoustic mode taking part in the interaction is near its cutoff frequency with a vanishing axial wave-vector. Top inset: A schematic illustration of the described system, with two guided optical modes, both coupled to an extended acoustic mode. (b) Left: A multi-core optical fiber, where optical modes are spatially separated (orange), and a transverse acoustic mode (green) is supported by the entire cladding cross-section, such as described in Ref. [19] . Right: An illustration of a chip-scale device with two optical waveguides each supporting an optical mode (orange), and a single spatially-extended acoustic mode (green), discussed in Ref. [18, 21] . (c) Energy level diagram illustrating two optical tones in each waveguide interacting with a spatially extended nonlocal acoustic mode. (d) Schematic comparison between forward and backward Brillouin processes. In a forward geometry, the transverse nature of the acoustic modes enable them to explore a large space, extending well beyond the acousto-optic overlap. In a backward process utilizing a bulk acoustic mode, the acoustic and optical waves are confined to a similar space.
respectively [27] . Under these conditions, the phonon field is constant in space, i.e. ∂ z b(z) = 0, and can be evaluated at z = 0 yielding
Next, in order to study the dynamics of the system, we analyze the effect of light scattering in waveguide A on the spectral evolution of a separate optical wave propagating in waveguide B. To do this, we assume two tones in the input of waveguide A at frequencies ω −1 , which will drive the acoustic mode through a forward-Brillouin interaction, as seen from Eq. (2) . Assuming a single tone in the input of waveguide B, the second term of Eq. (2) does not contribute, and we are left with
Plugging into Eq. (1) yields the spatial evolution of the optical fields
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In order to understand the nonlinear susceptibility produced by the forward-Brillouin process, we examine the n = −1 tone in each waveguide (the Stokes wave), and consider a small signal analysis, such that we can neglect tones with |n| ≥ 2, yielding
where we have defined the susceptibilities in the two waveguides
We see that this is a third order susceptibility, where we have three field amplitudes driving the field amplification, similar to the form derived for four-wave mixing and backward stimulated Brillouin scattering [1] . Examining the equation for waveguide B reveals the nonlocal nature of the susceptibility, where field amplitudes in waveguide A determine the response in the optically decoupled, spatially separated waveguide B. Further, the susceptibility γ (B) depends on the Brillouin coupling rate in both waveguides A and B. Similar expressions can be written for the anti-Stokes (n = 1) tone in the waveguides. Next, we assume assume the two waveguides are similar, such that v (A) = v (B) = v and g (A) = g (B) = g, valid in many physical systems [17, 18, 21] . The equations describing the fields in waveguides A and B are now
where we denote the relative phase between the two tones at the input to waveguide A as Λ = arg(a
0 (0)) and the phase of the frequency response φ = arg(χ). We now solve the differential equation by rotating the field operatorsā n = a n e −i(φ+Λ)n , giving us the form
for both waveguides, and we have expressed the input fields in terms of optical power, using P n = ω n va † n a n , and the acousto-optic coupling in terms of Brillouin gain G B = 4|g| 2 /( ωv 2 Γ) [14, 27] . This recurrence relation is consistent with the Bessel function identity J n = 1 2 (J n−1 − J n+1 ), such that the optical fields can be written as a linear combinationā n (z) = m c n,m J m (−ξ z), where ξ = G B (P 
where we have rotated the operators back to the field envelope frame. Plugging in the initial conditions for each waveguide gives us
where we have denoted the amplitude at the input to waveguide B a 
where we have used the identity J −n = (−1) n J n , and neglected a global phase of the input field. The field amplitudes are normalized such that the total power entering waveguide B is P (B) 0 . Using the Jacobi-Anger expansion, n J n (z)e inϕ = e iz sin ϕ , we can directly see that the field is purely phase modulated where the modulation depth is determined by the Brillouin gain, the optical powers in waveguide A and the propagation length. The frequency response χ(Ω) of this phase-modulated field follows a Lorenzian lineshape, determined by the acoustic resonant frequency and dissipation rate, with a magnitude given by
Summarizing the results of this section, we see how the optical intensity envelope generated by the two tones in waveguide A drive the acoustic mode, as seen in Eq. (3) and illustrated in Fig. 2 (a). This acoustic field modulates an optical tone in waveguide B as it propagates through the device ( Fig. 2 (e)) resulting in pure phase modulation, as seen in Fig. 2 (f). The optical field in waveguide A also experiences phase modulation as it interacts with the acoustic field, illustrated in Figs. 2(b) and 2(c), however the intensity envelope remains unchanged (discussed further in Appendix B).
Our analysis shows an overall red-shift of the light in waveguide A as it propagates, illustrated in Figs. 2(b) and 2(c), consistent with previous forward-Brillouin scattering studies [29] . The phonons generated through the Brillouin process have a finite lifetime, and their dissipation takes energy out of the system, which in the absence of optical dissipation represents the only loss mechanism in the system. The red-shift can be derived from the mode amplitudes (Eq. (10)), yielding a power-loss given by P Throughout our analysis we have assumed vanishing optical group-velocity dispersion (GVD) in the frequency range over which the optical tones are cascaded. This is a valid approximation in many practical systems [13, 25, 27] and this situation can be realized using dispersion engineering in optical waveguides [30, 31] . In the presence of GVD, the output field will no longer be purely phase modulated, and will exhibit residual amplitude modulation [28] (discussed further in Appendix F). The frequency response of the Brillouin-induced nonlinear susceptibility is determined by the properties of the phonon taking part in the interaction. This response can be further engineered by utilizing multiple acoustic modes, such that they all contribute to the susceptibility. To explore this extended system, we consider two identical, spatiallyseparated waveguides, each guiding an optical mode and each supporting a phonon mode with a resonant frequency Ω 0 and an amplitude b (A) , b (B) for waveguides A and B respectively. The two waveguides are designed such that they are optically decoupled but the two acoustic fields are coupled with a rate µ, as illustrated in Fig. 3 (a). An example of such a device, implementing the acoustic coupling using a phononic crystal design, was demonstrated in Ref. [17] and is illustrated in Fig. 3 (c). In this scheme, the acoustic modes are guided using line-defects in the the phononic crystal structure while the central region between the waveguides acts as a Bragg-reflector that enables evanescent Page 6 of 25 AUTHOR SUBMITTED MANUSCRIPT -NJP-111284 .R1   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t coupling of the two phonon modes [17] . The acoustic coupling gives rise to symmetric and anti-symmetric acoustic super-modes, denoted b + and b − , which are linear combinations of the spatial modes and have frequencies determined by the acoustic coupling rate Ω ± = Ω 0 ∓ µ. This is demonstrated by a finite-element-method (FEM) simulation, solving for the acoustic eigen-modes of such a geometry, shown in Figs. 3(d) and 3(e). The two super-modes are decoupled, as they are eigen-modes of the system, but are both coupled to the optical modes in both waveguides, as illustrated in Fig. 3 
(b).
Following the derivation presented in Appendix C, the equations of motion are now given by
2 are the amplitudes of the acoustic super-modes with frequencies Ω ± , and g ( ) ± is the Brillouin coupling rate of acoustic mode b ± to the optical field in waveguide (for = {A,B}). By projecting the '±' super-modes on waveguides A and B we see that g
2, a result of the symmetries of the super-modes. Since we assume the waveguides are identical, we also set the group velocities to the same value
These equations have the same form as we saw earlier in Eq. (2), such that ∂ z b ± = 0, and the phonon super-modes are only dependent on the initial conditions of the optical fields. We assume again the optical inputs to be two tones in waveguide A, separated in frequency by Ω, and a single tone in waveguide B giving us
where we use the notation ∆ ± = Ω ± − Ω. Plugging the phonon fields into the optical equations of motion yields
where we have defined the frequency response in each waveguide
, and the phase difference of the input tones Λ = arg(a
). The frequency response (χ (B) ) of the nonlocal susceptibility induced in waveguide B by the optical fields in waveguide A is dramatically changed in this multi-phonon case, a result of the phase difference between the two complex terms. As demonstrated in Fig. 3 (f), the coupling of multiple acoustic fields yields a high-order frequency response, showing a sharp frequency roll-off. This can also be seen by the interference of the two phonon super-modes, shown in Fig. 3(b) , yielding a multi-pole function. The susceptibility in waveguide A is also slightly altered around the acoustic resonance, as seen in Fig. 3 (g), but decays as a Lorentzian away from the center frequency, similar to the single-phonon case.
Solving the equations as described in the previous section, yields the field amplitude at the output of waveguide B
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The coupling of acoustic modes can be further extended to an arbitrary number of phonons taking part in the transduction. For N identical waveguides, each supporting an acoustic mode with resonant frequency Ω 0 and a nearest neighbour coupling with rate |µ|e iθ , the nonlocal susceptibility frequency response is given by
where the detuning term for the m th phonon super-mode is ∆ m = (Ω 0 − Ω) + 2|µ| cos[πm/(N + 1)], and the phonon super-modes coefficients are given by V ( ) m = 2/(N + 1) sin[πm /(N + 1)]e imθ , as described in detail in Appendix D. The response described by Eq. (18) yields sharper frequency responses with the addition of coupled acoustic modes, as demonstrated in Fig. 3 (f).
Spontaneous scattering
Up to this point, we have considered acousto-optic scattering from coherently driven phonons produced in waveguide A. However, thermal occupation of the acoustic modes result in spontaneous Brillouin scattering [1, 27] . This can also be understood as the noise associated with the dissipation of the acoustic mode, through the fluctuation-dissipation theorem [33, 34] . If we seek to utilize such nonlocal susceptibilities to transduce information, as the basis for new signal processing technologies [17] [18] [19] 21] , it is essential to understand how this noise is imparted from the elastic field onto the optical fields.
Assuming a single acoustic mode with frequency Ω 0 , an optical tone at frequency ω 0 with a field amplitude a 0 will be scattered to sidebands at frequencies ω 0 ± Ω 0 . The amplitudes of the spontaneously scattered light are given by [27, 34] 
where η(z, t) is the Langevin force corresponding to the phonon dissipation rate, with statistics η(z, t) = 0 and η † (z, t)η(z , t ) =nΓδ(z − z )δ(t − t ) when evaluating the ensemble averages [27] .n is the average number of thermally occupied phonons following a Bose-Einstein distributionn = [exp ( Ω/k B T ) − 1] −1 , with T denoting the temperature, and k B the Boltzmann constant. These expressions apply for the scattering in both waveguides A and B. Using these equations, the spectral density of the spontaneous scattering can be calculated [27] 
showing a Lorentzian lineshape with a full-width at half-maximum Γ. In the case of coupled acoustic modes, as discussed in the previous section, Eq. (19) can be generalized
where η m is the Langevin force associated with the m th phonon super-mode, and V ( ) m is the coefficient used in Eq. (18) . Since the acoustic super-modes are orthogonal, we use the fact that the thermal phonons in each eigen-mode are uncorrelated and follow η m (z, t) = 0 and
The spectral density is now given by
Page 8 of 25 AUTHOR SUBMITTED MANUSCRIPT -NJP-111284 .R1   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t wheren m is the average thermal phonon occupation of the m th phonon super mode. We see that the spontaneous scattering results in a noise spectrum that is comprised of a sum of Lorentzian line shapes. This is distinct from the multi-pole response observed for a transduced signal, Eq. (18), which results from coherent interference. In the case of weakly coupled acoustic modes, we can readily see how the noise spectrum takes a Lorenzian form. In this case, the frequency differences of the super-modes will be small and we can approximaten m ≈n and ω 0 ± Ω m ≈ ω 0 ± Ω 0 . Using N m=1 |V (l) m | 2 = 1 we see that the spontaneous spectrum is consistent with a Lorentzian frequency response obtained from a single acoustic mode, given by Eq. (20) . Interestingly, the presence of spontaneously scattered photons in either waveguide has no impact on the acoustic field [27] . The scattering produced from the thermally occupied phonons only adds phase fluctuations which do not change the forcing function driving the coherent acoustic field, as it is determined only by the intensity envelope of the light field. This can be seen directly from Eq. (1) where the contribution to the driven phonon field is the sum of terms (a
1 ) which equals zero when plugging in the mode amplitudes from Eq. (19) .
III. DISCUSSION AND CONCLUSION
The theoretical model presented in this work describes the nonlinear dynamics of forward-Brillouin active devices which utilize the nonlocal nature of the acoustic modes taking part in the process. We have shown that the optical intensity envelope of light in waveguide A induces a nonlinear response in the spatially-separated waveguide B. In the absence of optical dispersion, this process results in a phase modulation, where the modulation depth is set by the Brillouin gain, acoustic properties, interaction length, and optical powers. This nonlocal susceptibility is enabled by the long lifetime of the phonons, which allows them to propagate a large distance -spanning many optical wavelengths -to connect optically decoupled regions of the device. This phenomenon can be readily measured within integrated-photonic devices, where the tight confinement of the optical and acoustic fields to micrometer-scale waveguides yields high Brillouin gain [17, 18, 21] . Multi-core optical fibers can also demonstrate nonlocal susceptibility between the separated cores, where the long interaction length and high-power handling can produce strong nonlinear effects [19] .
We have shown that this nonlocal susceptibility can be mediated by multiple coupled phonons, yielding distinct spectral features. In this case, the phonons can be treated as acoustic super-modes, i.e. the eigen-modes of the coupled system, which are all interacting with the optical fields. The coherent interference of these acoustic supermodes yields a nonlocal susceptibility corresponding to a multi-pole frequency response, which offers a sharp frequency roll-off and high out-of-band suppression. The nonlocal susceptibility can be utilized to perform filtering operations by encoding information in the form of intensity-modulation on the light propagating in waveguide A, and detecting the phase modulation experienced by the light in waveguide B. The frequency response of the output from such a filter follows the nonlocal susceptibility χ (B) (Eqs. (12) and (18)), which can have a narrow-band multi-pole response, as illustrated in Fig. 3(f) . Such hybrid photonic-phononic signal processing strategies yield transfer functions that would be challenging to realize using all-optical techniques, providing technological value in many microwave and photonic applications [32, 35] . RF-photonic filters utilizing this nonlocal response have recently been demonstrated and analyzed [17, 18, 36] . By comparison, the local nonlinear susceptibility (χ (A) ) produces a single-pole response, regardless of the number of acoustic modes that mediate Brillouin coupling (further details can be found in Appendix D). Interestingly, the same super-modes that produce a multi-pole response through nonlocal susceptibility yield a single-pole, Lorentzian-like noise spectrum when driven by incoherent thermal fluctuations. When considering practical applications such as filtering operations, this noise spectrum needs to be taken into account as it contributes to the total noise power level at the device output [18, 36] .
The forward-Brillouin dynamics utilized in these devices have interesting advantages when considering noise and scalability. The acousto-optic interaction results in phase modulation alone, such that the intensity envelope of the light propagating through the system remains unchanged, regardless of the strength of the nonlinear interaction. The intensity modulation of the propagating light corresponds to the optically induced forcing function, hence the driven coherent acoustic phonons remain unaffected. Similarly, the scattering produced by thermally occupied phonons result in phase fluctuations alone, which do not affect the intensity envelope and the driven coherent phonon field. This results in no degradation of information encoded in the form of optical intensity modulation, when the light field propagates through the device. These properties can enable cascading of multiple devices in series without losing signal fidelity, further broadening their technological impact.
The analysis presented in this work can be readily adapted to describe nonlocal susceptibilities involving other scattering processes such as inter-band Brillouin scattering [37, 38] . In this scattering process, light is scattered between two different optical guided modes. The acoustic modes that mediate the interaction are still mostly transverse in nature and can extend a large space outside the optical guiding region. This enables interaction with spatially Page 9 of 25 AUTHOR SUBMITTED MANUSCRIPT -NJP-111284.R1 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t separated optical waveguides, yielding nonlocal interactions. The inter-band scattering process and the phonons taking part in the interaction yield different dynamics compared to the analysis in this work, such as single-sideband modulation and non-reciprocity. A wide-band nonreciprocal modulator utilizing nonlocal susceptibility produced by a single phonon mode has been recently demonstrated experimentally [21] . Further details of how the nonlocal susceptibility is formulated for inter-modal proesses from the model presented here are provided in Appendix E.
In conclusion, tailorable, nonlocal, nonlinear responses can be achieved by interfacing signals in different domains, coupling light and coherent long-lived acoustic waves. These interactions are useful in many practical applications, such as filtering, coherent signal addition, opto-acoustic storage and spectral analysis [15] . Further, the unique properties of the forward-Brillouin process can enable applications utilizing cascaded devices for spectral analysis, channelizing and sensing. The understanding of the dynamics of the fields participating in these processes is essential for the design of future devices and systems.
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APPENDIX A: DERIVING THE EQUATIONS OF MOTION
We start our analysis by considerng a system of two spatially separated optical waveguides, denoted A and B, both coupled to a single acoustic mode. We can separate the Hamiltonian of the system to terms describing the optical fields in waveguides A and B, the acoustic field, and the acousto-optic interaction in each waveguide
Following the treatment of Refs. [23, 27] the different terms are given by 
where ∆k
n−1 ) and ∆k
n−1 ) are the phase mismatch between the phonon and the photons in each of the two waveguides. We assume each waveguide supports a single optical spatial mode, and the index n sums over all optical tones coupled through the acousto-optic interaction. The coupling rate g can have both photo-elastic and radiation pressure components, which can be evaluated following Ref. [27] .
We can calculate the dynamics of the acoustic field using the Heisenberg equatioṅ
and using the commutation relations
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We keep the dispersion operators to first order for the optical and acoustic fields,ω n ≈ ω n −iv n ∂ z ,Ω 0 ≈ Ω 0 −iv ac ∂ z , and add phonon dissipation by including an imaginary part to the acoustic frequency, Ω 0 → Ω 0 − i (Γ/2). Rewriting the equation in the rotating frame by factoring out the fast oscillating term a n (z, t) → a n (z,
where Ω = ω n − ω n−1 , we now havė
In the case of forward Brillouin scattering (FSBS) the phonon field b(z) is close to its cut-off frequency, with a small axial wave-vector and vanishing group velocity [27] , such that we can set v ac → 0. We further assume that the optical mode has a constant group velocity in the frequency range of interest for each of the two waveguides, equivalent to no optical group velocity dispersion (GVD), such that v n = v and ∆k n = ∆k = 0 [24, 27] . We also set the opto-mechanical coupling rates to be equal for all optical frequencies, g n = g. The steady state phonon field envelope now has the form
where ∆ = Ω 0 − Ω, and the optical fields envelopes are given by
Calculating the spatial derivative of the phonon field in Eq. (A8) results in
and plugging in Eq. (A9) yields
We can see directly from the above equation that the spatial derivative vanishes when we sum over all n for which the field operators are non-zero. Hence the phonon field is constant in space and can be determined by its value at
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APPENDIX B: DYNAMICS IN WAVEGUIDE A
Restating Eq. (10), we saw that the equations of motion describing the tones in waveguide A, which has a pump and a Stokes wave at its input, are given by
where ξ = (P 0
, and Λ = arg(a −1 † (0) a 0 (0)). The total field amplitude propagating through the waveguide is the sum of all the amplitudes, s(z, t) ∝ n a n (z)e −i(ω0+nΩ)t , yielding s(z, t) ∝ e −iω0t a 0 (0) 
which can also be expressed as a phase modulation by using the Jacobi-Anger expansion
where we have plugged back the argument of the Bessel function. We see that the two input tones are phase modulated as they traverse the device, with the modulation index increasing linearly with the propagation length. In contrast, the intensity profile is unaffected by the forward-Brillouin process. Examining the power as would be measured by a photo-detector yields
and in terms of optical powers
revealing the DC terms and the oscillation at the beat-note frequency Ω, the frequency separation between the two tones. We can see directly that the propagation through the device and the Brillouin scattering that takes place does not affect the intensity envelope.
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Optical red-shift
We calculate the total optical power in waveguide A by summing the power contribution of all tones
where we are following the definitions from Ref. [27] , P n = ω n v|a n | 2 . Plugging in the mode amplitudes of waveguides A, given in Eq. (10), gives us
where for clarity of notation we have omitted the arguments of the Bessel functions, which are all (ξz). We can calculate the infinite summations from Eq. (B8)
where we have used the Bessel-function identities J 2 n = J 2 −n , J n (x) = J −n (−x), nJ n (x) = (x/2)(J n−1 (x) + J n+1 (x)), J n (0) = δ n,0 , and the Bessel addition theorem m J m (x)J n−m (y) = J n (x + y). Using these results as well as our definitions Λ = arg(a The first two terms are the power of the tones at the input to waveguide A, and the third term reveals the red-shift scaling linearly with the propagation length z. We can express this red-shift in terms of the driven phonon number by using Eq. (3) and the Brillouin gain definition [27] yielding
where we have used {χ} = (Γ/2)|χ| 2 for χ = [i(Ω 0 − Ω) + Γ/2] −1 . This enables us to interpret the energy lost as the energy in the phonon field Ω |b| 2 , with a constant dissipation rate Γ over a length z. The red-shift can be seen in Figs. 2(b,c) and 4(a) , where the there is more power in the lower optical sidebands. Interestingly, since the phonon number is larger for high-Q acoustic modes, |b| 2 ∝ Γ −2 , the red-shift is inversely proportional to the dissipation rate P 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t and plugging in the expression for the mode amplitudes from Eq. (10), this yields
Using the calculations from Eq. (B9) we are left with
revealing that in waveguide B there is no red-shift, and the scattering is symmetric to the upper and lower sidebands, also seen in Figs. 2(e,f) and 4(b) .
Small-signal forward-Brillouin gain
Using the equations we have derived, we can also examine the gain experienced by a small Stokes signal as it propagates through the device along with a pump wave. Using Eq. (10), which assumes pump and Stokes waves at its input, we examine the Stokes (n = −1) field amplitude
where ξ = P 0 (0)P −1 (0)G B (Γ/2)|χ|, φ = arg(χ), and Λ = arg(a −1 † (0) a 0 (0)). Rearranging the equation, we have
and in terms of the optical powers, P n ∝ |a n | 2 , this yields
We now take the small signal limit, where we assume the pump power is much larger than the input signal and pump depletion can be neglected, equivalent to (ξz) 1. We can expand the Bessel functions to first order, J 0 (x) ≈ 1,
showing the quadratic growth of power in the Stokes tone in the small signal limit, consistent with the results derived in Ref. [27] .
APPENDIX C: TWO COUPLED PHONONS
We now consider a device where two identical separate Brillouin active devices, denoted A and B, each supporting an optical mode a(z) and an acoustic mode b(z), where the acoustic modes have a resonant frequency Ω 0 and are coupled with a rate µ. The acoustic Hamiltonian of Eq. (A2) now has the form
which can also be written in matrix form
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where we see the three wave process in each waveguide, between two optical tones and an acoustic mode. The optical Hamiltonian terms will stay unchanged from Eq. (A2). We can now calculate the equations of motion of the phonons using Eq. (A3), yieldinġ
(C4)
This result is consistent with a temporal coupled-mode theory approach such as described in Refs. [17, 39] . Alternatively, we can diagonalize Eq. (C2) to the eigen-basis such that we have two decoupled phonon modes
These phonon 'super-modes' extend spatially to both waveguides, and can be written as a superposition of the phonon
The interaction Hamiltonian terms in this basis are now
where g (l)
± is the coupling rate between the phonon super-modes and the optical tones in waveguide l, where l = {A,B}.
We can calculate the equations of motion using Eq. (A3), and keep the dispersion operator to first order for the optical modes, and to zero order for the acoustic modes which have a vanishing group velocity. Additionally, we factor out the fast oscillating term, and add a dissipation rate Γ to the phonon modeṡ
APPENDIX D: GENERALIZING TO MULTIPLE COUPLED PHONONS
Using the same approach, we can expand the previous derivation to an arbitrary number of acoustic coupled modes. Assuming N identical waveguides supporting the same phonon resonance and nearest neighbour coupling, the acoustic Hamiltonian is now given by
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The tri-diagonal matrix of Eq. (D1) can be diagonalized, yielding N distinct eigenvalues [40] Ω m =Ω 0 + 2 |µ| cos πm N + 1 ,
and the phonon fields can be decomposed into phonon eigen-modes
where we have chosen the notation such that m is an index for phonon super-modes, enumerates the different waveguides, and n sums the different optical tones spaced by frequency Ω. We can now rewrite the acoustic and interaction terms of the Hamiltonian
where the rate g ( ) m , denoting the coupling of the m th phonon eigen-modes to the optical tones in the th waveguide, can be described in terms of the single-phonon coupling g ( )
Calculating the equations of motion using Eq. (A3), under the same assumptions as in the previous section, we can write the field envelopes for the phonon eigen-modes and the optical fields in the th membrane
Assuming two tones at the input of waveguide A with a frequency separation Ω, and a single tone in the input of waveguide B, the phonon field from Eq. (D6) is now
where ∆ m = Ω m − Ω and Γ m are the detuning and the loss of the m th phonon eigen-mode respectively. Following the same steps as described in Section II, we can find the equation of motion for the optical tones in waveguide
where the frequency response is denoted
, and the phase difference between the two input tones to waveguide A is given by Λ = arg(a 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
and by using the Jacobi-Anger expansion, this can also be expressed as
We can examine the frequency response at the output of waveguide B for a few cases:
• Single acoustic mode:
This is a single pole function, with a maximum amplitude response at Ω = Ω 0 .
• Two coupled acoustic modes:
This function has two poles, with a maximum amplitude response at Ω = Ω 0 ± µ 2 − (Γ/2) 2 .
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• Three coupled acoustic modes:
Now we have a function with three poles, which will have maximum amplitude at frequecies Ω = Ω 0 , Ω = Ω 0 ± 4 3 µ 2 + 2 3 µ µ 2 − 6(Γ/2) 2 − (Γ/2) 2 . Fig. 5(d) illustrates some of these different frequency responses for different numbers of coupled acoustic modes. Calculating the frequency response at the output of waveguide A reveals that the functions χ (A) always have N − 1 zeros and N poles, such that the overall response is that of a single pole, decaying as a Lorentzian function, as is demonstrated in Fig. 5(c) .
APPENDIX E: LIMITED OPTICAL CASCADING
We now examine the case where there is no optical cascading, such that only two optical tones propagate in each of the waveguides A and B. This can be a result of high optical dispersion, leading to phase matching of the nonlinear process only between two tones [27] , or when an inter-modal Brillouin process drives the acoustic field [37, 38] . The different geometries and conditions for Brillouin scattering, and the resulting phase matched nonlinear processes are illustrated in Fig. 6 .
Starting with Eq. (1), we consider two optical tones in waveguides A and B by keeping only n = {−1, 0}, leaving us with
and the acoustic field
We note that in this inter-modal process, the phonons do not have a vanishing group velocity as in the FSBS case. However, the axial spatial evolution of the acoustic field is very slow compared to the optical fields, and can be adiabatically eliminated, such that Eq. (E2) is still valid [21, 41] . In this case, the number of photons in each waveguide is conserved, which can be seen from the derivatives
The phonon field is not constant in space, and is in fact amplified or damped along the propagation direction [28] . However, assuming again two tones in the input to waveguide A and a single tone to waveguide B, to leading order (assuming |a † (A) −1 a
where we have again used the notation χ = (i∆ + Γ/2) −1 . We can use our notation for the nonlinear susceptibilities
giving us the equations of motion for the optical waves 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 illustrating the nonlocal nonlinear susceptibility in the two-tone case. A complete description of the spatial dynamics of this case can be found in Ref. [21] . For completeness, we mention that a backwards-Brillouin process, where the two optical modes are counter propagating, require a phonon with a large wave-vector to take part in the process [1] . This is commonly achieved by using a bulk-acoustic mode, as illustrated in Fig. 6 (i). In this case, the acoustic field typically has a similar spatial extent as the optical waves. However, if a cutoff guided acoustic mode takes part in the three wave process, it could extend in space further than the overlap region, similar to the inter-modal SBS case.
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In our analysis, we have considered a constant optical group velocity for all optical tones, such that the optical group-velocity dispersion (GVD) is zero. This is a good approximation in many systems [13, 25, 27] and can further be avoided through the design of zero-GVD waveguides [30, 31] . Hence, we have used a single value for the group velocity, and assumed an infinite summation in Eq. (1) and the following derivations.
When considering non-zero GVD, the modulation experienced by the light in waveguide B will no longer be purely phase modulated and will exhibit some residual intensity modulation [28] . We numerically demonstrate the effect of GVD by keeping the second order term of the optical dispersion operator in Eq. (A5) in both waveguides A and B
where we now have frequency dependent optical group velocity v n = ∂ k ω ω=(ω0+nΩ) and a phase mismatch term
where we have used a piece-wise linear approximation. The dispersion leads to non-symmetric sidebands around the carrier and now the optical field is not only phase modulated, but also has residual amplitude modulation (RAM). We quantify the RAM by looking at the components of the intensity at frequency Ω, normalized to the total scattered power
(F2)
The numerically simulated RAM is shown in Fig. 7 , where the dispersion is given both in terms of GVD, and a commonly used dispersion parameter D, defined by
When using numerical values consistent with common materials and waveguide design, the simulation results in a residual intensity modulation on the order of −50 dB. In many applications, the frequency response of other optical elements in the system, such as detectors, couplers and modulators, can yield similar or more dominant effects on the signal.
In our analysis, we have studied the case where both waveguides A and B have the same group velocity, based on the assumption that they are similar in design and operating at similar wavelengths. However, when using vastly different optical wavelengths in waveguides A and B, the group velocity in each wavelength range can be different, and can lead to a phase mismatch between the phonons driven in waveguide A and those needed for efficient phase modulation in waveguide B. This phase mismatch can be expressed in terms of the driving frequency Ω and the frequency dependent group velocity v (ω)
where we assume the optical dispersion is identical in both waveguides A and B. For the phase mismatch to be small over the device length, i.e. ∆qL < π/2, this gives us the condition
.
(F5)
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APPENDIX G: CLASSICAL MECHANICS DERIVATION
We can derive the equations of motion describing the dynamics of a forward-Brillouin process (FSBS) using a classical-mechanics approach as an alternative to the derivation given earlier in Appendix A, summarized in the following section. We start by considering an acoustic eigen-mode, U(r)e −iΩ0t at frequency Ω 0 , using [42] 
where x i is a spatial coordinate, ρ the mass density of the waveguide material, c ijkl the elastic tensor, and summation is implied for repeated indexes. The guided acoustic eigen-modes relevant to FSBS are transversely polarized, such that the acoustic mode profile can be written as U(r) = (U x (r ⊥ )x + U y (r ⊥ )ŷ) e iqz , where q is the acoustic wave-vector. We can write the displacement field in this waveguide as 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t where b is the mode amplitude of the acoustic eigen-mode. The total energy density, ρu 2 , associated with this displacment field is the sum of the potential and kinetic energy terms. Intergrating the total energy density over volume and making the rotating wave approximation, we get the following Hamiltonian
We normalize the acoustic eigen-mode profile such that d 3 x U * (r ⊥ )ρ(r ⊥ )U(r ⊥ ) = 1, leaving us with a simplified expression for the time-averaged Hamiltonian,
Photoelastic coupling of the light and sound fields result in an interaction term in the Hamiltonian. To calculate this term, we look at the change in the energy density δU = σ mn × δS mn . Here, σ mn is the stress and δS mn = 1/2(∂u m /∂x n + ∂u n /∂x m ) is the strain. For cubic and isotropic media, the electrostrictive stress is given by
where r is the relative permittivity, p k mn is the photo-elastic tensor, and E is the total electric field inside the waveguide (summation is implied for repeated indexes). The resulting interaction Hamiltonian from the change in energy density is given by
and when we consider electric fields co-polarized in the x-direction, this yields
We describe an electric field propagating in the waveguide E n (r, t) = 1 2 n E(r ⊥ )a n e i(knz−ωnt) + c.c. x,
where E(r ⊥ ) is the transverse optical mode profile, a n the optical mode, k n the wave vector and ω n the angular frequency of the different optical frequencies, spaced by Ω, (i.e. Ω = ω n − ω n−1 ). We further assume a phase-matched process, such that q = k n − k n−1 . Substituting E(r, t) and u(r, t) into the interaction Hamiltonian from Eq. (G7) we have
∂U x ∂x e iqz b + p 12 ∂U y ∂y e iqz b + c.c. n E(r ⊥ )a n e i(knz−ωnt) + c.c.
2
(G9)
Making the rotating wave approximation, where we only consider the terms in H I that vary with frequency Ω (i.e. terms close to Ω 0 that can drive the acoustic eigen-mode) we get
r n S * (r ⊥ )E * n−1 (r ⊥ )E n (r ⊥ )b * a * n−1 a n e −iΩt + c.c.,
where the strain profile is given by S(r ⊥ ) = p 11 ∂U x ∂x + p 12 ∂U y ∂y .
(G11)
Carrying out the integration in the axial direction over the waveguide length L, and defining the following coupling term g = dxdy 2 r (r ⊥ )E * n (r ⊥ )E n−1 (r ⊥ )S(r ⊥ ),
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2 Ω 0 n g * b * a * n−1 a n e −iΩt + c.c.
The total time-averaged Hamiltonian of the system, including the acoustic and interaction terms, is
g * a * n−1 a n b * e −iΩt + ga * n a n−1 be iΩt ,
where we have defined γ = 1 8 o L 2/Ω 0 . Now that we have derived all terms of the Hamiltonian of the system, we can calculate the time evolution of the acoustic field using [43] 
where the Poisson bracket is defined {H, b} = [(∂H/∂b)(∂b/∂b * ) − (∂H/∂b * )(∂b/∂b)], yieldinġ b(t) = −i ∂H ∂b * = −iΩ 0 b + iγ n g * a * n−1 a n e −iΩt .
We now look at the envelope of the field, b(t) =b(t)e −iΩt , leaving us with the following equation of motioṅ b(t) = i(Ω − Ω 0 )b + iγ n g * a * n−1 a n .
We add phonon dissipation by adding an imaginary part Ω 0 → Ω 0 − iΓ/2, and see the steady state mode amplitude, i.e.ḃ(t) = 0, is given byb = −γ n g * a * n−1 a n Ω − Ω 0 + i Γ 2 .
(G18)
Plugging back into Eq. (G2), the steady state displacement field associated with this phonon mode is u(r, t) = 1 2 − o L 4Ω 0 U(r ⊥ ) n g * a * n−1 a n Ω − Ω 0 + i Γ 2 e i(qz−Ωt) + c.c. .
A nonlinear polarization generated by this displacement field can scatter photons from pump to Stokes or anti-Stokes. The spatial and temporal evolution of the optical field in a medium with nonlinear polarization is described by [1] 
where v p is the phase velocity of the light in the waveguide, c is the velocity of light in vacuum and P NL is the nonlinear polarization. Since all the electric fields are polarized alongx, P NL = o 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 A c c e p t e d M a n u s c r i p t Substituting E n (r, t) and P NL n into Eq. (G20) and making the slowly varying envelope approximation we get E(r ⊥ ) 2ik n ∂a n ∂z + 2iω n v 2 p ∂a n ∂t = 2 o 2 r Lω 2 n 8Ω 0 o c 2 E * (r ⊥ )S(r ⊥ ) n g * a * n a n +1 Ω − Ω 0 + i Γ 2 a n−1 + E(r ⊥ )S * (r ⊥ ) n ga n a * n +1 Ω − Ω 0 − i Γ 2 a n+1 .
(G23)
We look at the steady state (i.e. ∂a n /∂t = 0) and integrate the transverse dimension after multiplying both sides by E * (r ⊥ ) to get ∂a n ∂z = −iα|g| 2 n a * n a n+1 Ω − Ω 0 + i Γ 2 a n−1 + n a n a * n +1
where α = o ω 2 s / 16k s Ω 0 c 2 U, ρU E n , E n , and E n , E n = dxdy E * (r ⊥ )E(r ⊥ ). This result is equivalent to Eq. (A8, A9) which were derived in a quantum operator Hamiltonian approach using the Heisenberg equations of motion.
In order to describe a device with multple waveguides and multiple acoustic modes, we can carry out a similar derivation, where each of the separate optical fields can be described by Eq. (G8) in each of the waveguides. In the case of multiple acoustic modes, the acoustic field in Eq. (G2) can be described as the sum of the acoustic eigen-modes
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